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Abstract
In this paper, the Cauchy’s problem for fractional MHD system with the Hall and
ion-slip effects is considered. By exploring the structure of semilinear and quasilinear
terms, we prove the global existence of solutions for a class of large initial data. Both
the velocity and magnetic fields could be arbitrarily large in H3(R3).
1 Introduction
In this paper we consider the following incompressible magnetohydrodynamics with the
Hall and ion-slip effects:
ut + νΛ
αu+ u · ∇u+∇p− b · ∇b = 0,
bt + µΛ
βb+ u · ∇b− b · ∇u+ σ∇× ((∇× b)× b)− κ∇× (((∇× b)× b)× b) = 0,
∇ · u = 0, ∇ · b = 0,
u|t=0 = u0, b|t=0 = b0,
(1.1)
on the domain (t, x) ∈ R+×R3, where Λ = √−∆, β = 2, α ∈ [0, 2]. Here u = (u1, u2, u3)T, b =
(b1, b2, b3)
T ∈ R3 denote the fluid velocity and magnetic fields respectively. The scalars
p, ν, µ are the pressure, viscosity, magnetic diffusivity respectively (ν, µ are positive con-
stants). κ ≥ 0, σ are constants. The Hall term ∇× ((∇× b)× b) is for the Hall effect, and
∇× ((∇× b× b)× b) for ion-slip effect. u0 and b0 are the initial data satisfying
∇ · u0 = ∇ · h0 = 0. (1.2)
Equation 1.1 is important to describe some physical phenomena, e.g., in the magnetic
reconnection in space plasmas, star formation, neutron stars and dynamo. In the case
1
σ = κ = 0, Equation 1.1 reduces to the standard MHD equations; in the case κ = 0,
Equation 1.1 reduces to Hall-MHD system. They has been extensively researched by a lot
of excellent works, for instances [1]–[4], [6]–[11], [17]–[19] and [15, 28, 27, 35, 32].
For MHD system with the Hall and ion-slip effects, there are some interesting results
related to the well-posedness theory, see references [23, 24, 25]. Recently, Fan et.al in [14]
established global existence and time decay for small solutions. Very recently, Zhao and Zhu
in [34] gave a proof of global existence for small solutions under weaker smallness conditions.
However, none of results are known for MHD system with the Hall and ion-slip effects for
general initial data without smallness conditions. It’s quite rare to prove the existence of
large, smooth, global solutions for quasilnear system. Under a class of large initial data, we
found some results for incompressible Navier-Stokes equations and incompressible standard
MHD equations, see [10, 9, 17, 19, 35, 22, 33] for details. Those motivate us to study
the global well-posedness of Cauchy’s problem of Equation 1.1 with large inital data. But
the Hall and ion-slip term heightens the level of nonlinearity of the standard MHD system
from a second-order semilinear to a second-order quasilinear level, significantly making its
qualitative analysis more difficult. To the author’s knowledge, it’s quite rare to prove the
existence of large, smooth, global solutions for quasilnear system. Based on the idea of Lei-
Lin-Zhou in [17], we study the existence of global large solutions. It’s not a trivial extension
from Hall-MHD equations to Equation 1.1, for the additional difficulty of Equation 1.1 arise
from: (1) the cubic quasi-linear term which requires some new cancellation estimates; (2)
the proof of nonlinear smallness for some cross term. Using the large initial data constructed
in [17] and combining nonlinear structures with commutator energy estimates, we are very
fortunately to go through these difficulties—estimates (2.17)-(2.20) and (3.12).
The aim of this paper is to prove the existence of a unique, global smooth solution of
MHD system with the Hall and ion-slip effects in H3(R3). Our result completely drops the
smallness condition on the initial data.
Before we state our main results, we first give some notations. Let χ(x) ∈ C∞0 (R3) be
a cut off function satisfying |χ(x)| ≤ 2 and
χ(x) ≡ 1, for |x| ≤ 1; χ(x) ≡ 0, for |x| ≥ 2,
|∇kχ(x)| ≤ 2, 0 ≤ k ≤ 5.
(1.3)
Denote
χM0(x) := χ(
x
M0
). (1.4)
Here M0 is a positive constant. Let v0 be that constructed by Lei et al. [17], and it has the
following properties
∇ · v0 = 0, ∇× v0 =
√
−∆v0, (1.5)
suppvˆ0 ⊆ {ξ|1− δ ≤ |ξ| ≤ 1 + δ}, 0 < δ ≤ 1
2
, (1.6)
||vˆ0||L1 ≤M1, |∇kv0| ≤
M2
1 + |x| , 0 ≤ k ≤ 5, (1.7)
where M1,M2 are positive constants, vˆ0 is the Fourier transform of v0 and the operator
2
√−∆ is defined through the Fourier transform
√̂−∆f(ξ) = |ξ|fˆ(ξ).
Our main result is as follows.
Theorem 1.1. Consider Cauchy’s problem 1.1-1.2. Suppose that
u0 = u01 + χM0u02, (1.8)
b0 = b01 + χM0b02. (1.9)
with
∇ · u02 = ∇ · b02 = 0, (1.10)
u02 = α1v0, b02 = α2v0, (1.11)
where χM0 , v0 are stated as above. α1, α2 are two real constants. Then there exist constants
δ−
1
2 ≥M0 ≫ 1 depending on M1,M2, α1, α2, µ, ν, η such that Cauchy’s problem 1.1-1.2 has
a unique, global smooth solution provided that
||u01||H3 + ||b01||H3 ≤M−
1
2
0 . (1.12)
Remark 1.1. For
||u0||L∞ + ||b0||L∞ ≤M1,
||u0||H3 + ||b0||H3 ≤
(
M
− 1
2
0 + (|α1|+ |α2|)
3∑
k=0
M2
Mk0
)
,
and the constant M1,M2 can be arbitrary large, thus our initial data can be arbitrary large.
Comparing with [14, 34], our result can be seen as an non-trival improvement of Fan et al.’s
and Zhao et al.’s work, for we completely drops the smallness condition on the initial data.
Remark 1.2. The parameter α, β indicates the strength of dissipation for velocity and mag-
netic field respectively. If the parameter α, β is larger, then the corresponding dissipation is
stronger. When σ = κ = 0, the conclusion in Theorem 1.1 still holds for all α, β ∈ [0, 2].
If σ 6= 0 or κ 6= 0, considering the quasilinear terms for magnetic field on (1.1), then the
strong dissipative term µ∆b(β = 2) may be necessary to compensate for the loss of regularity
in exploring large solutions.
Remark 1.3. In the limiting case δ = 0, ∇ × u02 = u02, ∇ × b02 = b02, and the flow,
magnetic field are called Beltrami flow and force-free fields respectively. Let us also mention
that the magnetic energy achieves the minimum value for force-free fields, one can refer [30]
for details.
Remark 1.4. We throughout use a notation C. It may be different from line to line, but it
is a universal positive constant in this paper.
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The proof of Theorem 1.1 is based on a perturbation argument along with a standard
cut-off technique, and the perturbation is as large as the initial data. Compared with Hall-
MHD equations, a part of the nonlinearities may not be small for Equation 1.1 (see (3.3)).
Fortunately, by combining the nonlinear structure of the term and commutator estimates,
these terms can be estimated carefully.
This paper is organized as follows: In section 2, we introduce commutator estimates and
give some estimate of quadratic and cubic terms. Section 3 is devoted to prove the global
existence and uniqueness of large smooth solutions for Equation 1.1.
2 Preliminaries
Lemma 2.1. [3] Let s > 0. Let p, p2, p3 ∈ (1,∞) and p2, p4 ∈ [1,∞) satisfy
1
p
=
1
p1
+
1
p2
=
1
p3
+
1
p4
.
Then there exist two constants C1, C2,
||Λs(fg)||Lp ≤ C1 (||Λsf ||Lp1 ||g||Lp2 + ||Λsg||Lp3 ||f ||Lp4 ) ,
||[Λs, f ]g||Lp ≤ C2
(||Λsf ||Lp1 ||g||Lp2 + ||Λs−1g||Lp3 ||∇f ||Lp4 ) .
Let f, g satisfy ft + νΛαf = 0,t = 0 : f = u02, (2.1)
and gt − µ∆g = 0,t = 0 : g = b02. (2.2)
Therefore, we have
f = e−νtΛ
α
u02, g = e
µt∆b02.
Lemma 2.2. Let f, g be defined in (2.1), (2.2). It holds
∇ · f = 0, ∇× f =
√
−∆f,
∇ · g = 0, ∇× g = √−∆g,
|∇kf | ≤ |α1|M2
1 + |x| e
− νt
2α , |∇kg| ≤ |α2|M2
1 + |x| e
−µt
4 , 0 ≤ |k| ≤ 5.
Proof. By
∇ · v0 = 0, ∇× v0 =
√
−∆v0,
f = e−νtΛ
α
u02, g = e
µt∆b02,
we can deduce that
∇ · f = 0, ∇× f = √−∆f,
∇ · g = 0, ∇× g =
√
−∆g.
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We choose a C∞(R3) cut-off function γ(ξ) such that α ≡ 1 on the support of v0, and γ(ξ) ≡ 0
if |ξ| ≥ 1 + 2δ or |ξ| ≤ 1− 2δ. Then we have
f(t, x) = α1e
− νt
2αF−1
(
e−ν(|ξ|
α− 1
2α
)tγ(ξ)
)
∗ v0,
g(t, x) = α2e
−µt
2 F−1
(
e−µ(|ξ|
2− 1
2
)tγ(ξ)
)
∗ v0.
In a result, we get
|∇kf | ≤ |α1|M2
1 + |x| e
− νt
2α , |∇kg| ≤ |α2|M2
1 + |x| e
−µt
4 , 0 ≤ |k| ≤ 5.
Lemma 2.3. Set f˜ := χM0f, g˜ := χM0g. Let f, g, χM0 be defined by (2.1), (2.2) and (1.4)
respectively. Then we have
||f˜ ||W 5,∞ + ||g˜||W 5,∞ ≤ C
(
|α1|M1e−
νt
2α + |α2|M1e−
µt
4
)
, (2.3)
||f˜ ×
(
∇× f˜
)
||H3 + ||g˜ × (∇× g˜) ||H3
≤C
(
α21e
− νt
2α−1 + α22e
−µt
2
)(
δM
3
2
0 M
2
1 +M
−1
0 M
2
2
)
,
(2.4)
|| ((∇× g˜)× g˜)× g˜||H3 ≤ C
(
δM
3
2
0 M
3
1 +M
−1
0 M
3
2
)
|α2|3e−
3µt
4 , (2.5)∫ ∞
0
||f˜ × g˜||H3(t)dt ≤ CM
3
2
0 M
2
1 (1 + α)δ. (2.6)
Proof. Firstly, we have
∣∣∇kχM0∣∣ ≤ CM−k0 , k ≤ 5. Then
||f˜ ||W 5,∞ = ||χM0f ||W 5,∞ ≤ ||χM0 ||W 5,∞ ||f ||W 5,∞ ≤ C||f ||W 5,∞ . (2.7)
Using fˆ = e−ν|ξ|
αtuˆ02 and supp uˆ02 ⊆ {ξ|1− δ ≤ |ξ| ≤ 1 + δ}, 0 < δ ≤ 12 , we get
||f ||W 5,∞ ≤
∣∣∣∣∣∣(1 + |ξ|)5fˆ ∣∣∣∣∣∣
L1
ξ
≤ C
∣∣∣∣∣∣e−νt|ξ|α uˆ02∣∣∣∣∣∣
L1
ξ
≤ C|α1|M1e−
νt
2α .
Similarly, we have
||g||W 5,∞ ≤ C|α2|M1e−
µt
4 . (2.8)
Adding (2.8) to (2.7), we obtain
||f˜ ||W 5,∞ + ||g˜||W 5,∞ ≤ C
(
|α1|M1e−
νt
2α + |α2|M1e−
µt
4
)
.
Secondly, we notice the fact
∇× (χM0f) = ∇χM0 × f + χM0∇× f,
∇× (χM0g) = ∇χM0 × g + χM0∇× g.
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Thus, we get
||f˜ × (∇× f˜)||H3 + ||g˜ × (∇× g˜)||H3
=||χM0f × (∇× (χM0f)) ||H3 + ||χM0g × (∇× (χM0g)) ||H3
≤C||χ2M0 ||H3 (||f × (∇× f)||W 3,∞ + ||g × (∇× g)||W 3,∞)
+ C||∇(χ2M0)||W 3,∞
(|||f |2||H3 + |||g|2||H3)
and
|| ((∇× g˜)× g˜)× g˜||H3
=|| ((∇× (χM0g))× (χM0g))× (χM0g)||H3
≤C (||χ3M0 ||H3 || ((∇× g)× g)× g||W 3,∞ + ||∇χ3M0 ||W 3,∞ ||g3||H3) .
(2.9)
We calculate that
||χ2M0 ||H3 + ||χ3M0 ||H3 ≤ C
3∑
i=0
M−i0 M
3
2
0 ≤ CM
3
2
0 ,
||∇(χ2M0)||W 3,∞ + ||∇(χ3M0)||W 3,∞ ≤ C
3∑
i=0
M−i−10 ≤ CM−10 .
(2.10)
For f × f = 0, g × g = 0, then we have
||f × (∇× f)||W 3,∞ + ||g × (∇× g)||W 3,∞
=||f × (∇× f − f)||W 3,∞ + ||g × (∇× g − g)||W 3,∞
≤||f ||W 3,∞ ||∇ × f − f ||W 3,∞ + ||g||W 3,∞ ||∇ × g − g||W 3,∞
≤C
(
||(1 + |ξ|)3fˆ ||L1
ξ
||(1 + |ξ|)3(|ξ| − 1)fˆ ||L1
ξ
)
+ C||(1 + |ξ|)3gˆ||L1
ξ
||(1 + |ξ|)3(|ξ| − 1)gˆ||L1
ξ
≤CM21 δ
(
α21e
− ν
2α−1
t + α22e
−µt
2
)
, (2.11)
and
|| ((∇× g)× g)× g||W 3,∞ ≤ ||∇ × g − g||W 3,∞ ||g||2W 3,∞
≤ Cδ||gˆ(ξ)||3
L1
ξ
≤ CδM31 |α2|3e−
3µt
4 .
(2.12)
Noticing that supp |̂f |2, supp |̂g|2 ⊆ {ξ||ξ| ≤ 2 + 2δ}, 0 < δ ≤ 12 , we derive that
|||f |2||H3 + |||g|2||H3 ≤ C|||f |2||L2 + |||g|2||L2
≤ C (||f ||2L4 + ||g||2L4)
≤ C
(
α21e
− νt
2α−1M22 + α
2
2e
−µt
2 M22
)
, (2.13)
and
|||g|3||H3 ≤ C|||g|3||L2 ≤ C||g||3L6 ≤ C|α2|3M32 e−
3µt
4 . (2.14)
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Combining inequalities (2.10), (2.11) and (2.13), we get
||f˜ ×
(
∇× f˜
)
||H3 + ||g˜ × (∇× g˜) ||H3 ≤ C
(
α21e
− νt
2α−1 + α22e
−µt
2
)(
δM
3
2
0 M
2
1 +M
−1
0 M
2
2
)
.
Combining inequalities (2.9), (2.12) and (2.14), we deduce that
|| ((∇× g˜)× g˜)× g˜||H3 ≤ C
(
δM
3
2
0 M
3
1 +M
−1
0 M
3
2
)
|α2|3e−
3µt
4 .
In what follows, we will estimate
∫ t
0 ||f˜ × g˜||H3(τ)dτ. On one hand,
||f˜ × g˜||H3 = ||χM0f × (χM0g)||H3 ≤ ||χ2M0 ||H3 ||f × g||W 3,∞ . (2.15)
On the other hand, supp f̂ × g ⊆ {ξ||ξ| ≤ 2 + 2δ}, 0 < δ ≤ 12 . Then we have
||f˜ × g˜||H3 ≤ CM
3
2
0 ||f̂ × g||L1ξ . (2.16)
Calculate
f̂ × g = α1α2
∫
R3
e−ν|ξ−η|
αtvˆ0(ξ − η)× e−µ|η|2tvˆ0(η)dη
=
1
2
α1α2
∫
R3
(
e−(ν|ξ−η|
α+µ|η|2)t − e−(µ|ξ−η|2+ν|η|α)t
)
vˆ0(ξ − η)× vˆ0(η)dη,
(2.17)
and ∣∣∣e−(ν|ξ−η|α+µ|η|2)t − e−(µ|ξ−η|2+ν|η|α)t∣∣∣
=e−ν|ξ−η|
αt|e−µ|η|2t − e−µ|ξ−η|2t|+ e−µ|ξ−η|2t|e−ν|ξ−η|αt − e−ν|η|αt|
≤Cte−ν|ξ−η|αt
∣∣|ξ − η|2 − |η|2∣∣+ Cte−µ|ξ−η|2t ||ξ − η|α − |η|α|
≤Ce− ν2 |ξ−η|αt
∣∣|ξ − η|2 − |η|2∣∣
|ξ − η|α + Ce
−µ
2
|ξ−η|2t ||ξ − η|α − |η|α|
|ξ − η|2 .
(2.18)
In the support of vˆ0(ξ − η)× vˆ0(η), we have
||ξ − η|2 − |η|2|
|ξ − η|α ≤ 3
1−αδ,
||ξ − η|α − |η|α|
|ξ − η|2 ≤ 8αδ. (2.19)
Therefore, we conclude that∫ ∞
0
||f˜ × g˜||H3(t)dt ≤ CM
3
2
0 M
2
1 (1 + α)δ (2.20)
Then we complete the proof of Lemma 2.3.
3 The proof of Theorem 1.1
In this section, we will prove Theorem 1.1 using a perturbation argument along with a
standard cut-off technique.
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Proof of Theorem 1.1. Let f˜ = χM0f, g˜ = χM0g, and u = U + f˜ , b = B+ g˜. Then U,B satisfy
Ut + νΛ
αU +∇
(
p+
1
2
|f˜ |2 − 1
2
|g˜|2
)
=− U · ∇U − f˜ · ∇U − U · ∇f˜ +B · ∇B
+ g˜ · ∇B +B · ∇g˜ + F,
(3.1)
Bt − µ∆B −∇× (((∇×B)×B)×B)
=− U · ∇B − f˜ · ∇B − U · ∇g˜ +B · ∇U + g˜ · ∇U +B · ∇f˜
− η∇× ((∇×B)×B)− η∇× ((∇×B)× g˜)
− η∇× ((∇× g˜)×B)− η∇× ((∇× g˜)× g˜) +G
+∇× (((∇×B)×B)× g˜) +∇× (((∇×B)× g˜)×B)
+∇× (((∇×B)× g˜)× g˜) +∇× (((∇× g˜)×B)×B)
+∇× (((∇× g˜)×B)× g˜) +∇× (((∇× g˜)× g˜)×B),
(3.2)
where
F := f˜ × (∇× f˜)− g˜ × (∇× g˜)− ν∆χM0f + 2ν∇ · (∇χM0f) ,
G := ∇× (f˜ × g˜)− µ∆χM0g + 2µ∇ · (∇χM0g) +
1
2
f · ∇χM02g
− 1
2
g · ∇χM02f −∇× (((∇× g˜)× g˜)−∇× (((∇× g˜)× g˜)× g˜).
(3.3)
In what follows, we will derive some energy estimates of U and B.
Step 1: Energy inequalities of B.
Taking the derivatives Λk, 0 ≤ k ≤ 3 on Equation 3.2 and L2 inner product with ΛkB, we
get
1
2
d
dt
||B||2H3 + ||∇B||2H3
=I1 + I2 + I3 + I4 + I5 + I6
+ J1 + J2 + J3 +
∫
R3
G · Bdx
+K0 +K1 +K2 +K3 +K4 +K5 +K6,
where
I1 = −
∑
0≤k≤3
∫
R3
Λk(U · ∇B) · ΛkBdx, I2 = −
∑
0≤k≤3
∫
R3
Λk(f˜ · ∇B) · ΛkBdx,
I3 = −
∑
0≤k≤3
∫
R3
Λk(U · ∇g˜) · ΛkBdx, I4 =
∑
0≤k≤3
∫
R3
Λk(B · ∇U) · ΛkBdx,
I5 =
∑
0≤k≤3
∫
R3
Λk(g˜ · ∇U) · ΛkBdx, I6 =
∑
0≤k≤3
∫
R3
Λk(B · ∇f˜) · ΛkBdx,
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J1 = −σ
∑
0≤k≤3
∫
R3
Λk((∇×B)×B) · (∇× ΛkB)dx,
J2 = −σ
∑
0≤k≤3
∫
R3
Λk((∇×B)× g˜) · (∇× ΛkB)dx,
J3 = −σ
∑
0≤k≤3
∫
R3
Λk((∇× g˜)×B) · (∇× ΛkB)dx,
K0 = κ
∑
0≤k≤3
∫
R3
Λk(((∇×B)×B)×B) · (∇× ΛkB)dx,
K1 = κ
∑
0≤k≤3
∫
R3
Λk(((∇×B)×B)× g˜) · (∇× ΛkB)dx,
K2 = κ
∑
0≤k≤3
∫
R3
Λk(((∇×B)× g˜)×B) · (∇× ΛkB)dx,
K3 = κ
∑
0≤k≤3
∫
R3
Λk(((∇×B)× g˜)× g˜) · (∇× ΛkB)dx,
(3.4)
K4 = κ
∑
0≤k≤3
∫
R3
Λk(((∇× g˜)×B)× g˜) · (∇× ΛkB)dx,
K5 = κ
∑
0≤k≤3
∫
R3
Λk(((∇× g˜)×B)×B) · (∇× ΛkB)dx,
K6 = κ
∑
0≤k≤3
∫
R3
Λk(((∇× g˜)× g˜)×B) · (∇× ΛkB)dx.
Firstly, we estimate I1, I2 in the following:
|I1 + I2|
≤
∑
0≤k≤3
∣∣∣∣(∫
R3
(Λk(U · ∇B)− (U · ∇ΛkB) · ΛkBdx+
∫
R3
(Λk(f˜ · ∇B − f˜ · ∇ΛkB)) · ΛkBdx
)∣∣∣∣
+
∣∣ ∑
0≤k≤3
∫
R3
(u · ∇ΛkB) · ΛkBdx∣∣
≤
∑
0≤k≤3
(∣∣ ∫
R3
(Λk(U · ∇B)− (U · ∇ΛkB) · ΛkBdx
∣∣+ ∣∣ ∫
R3
(Λk(f˜ · ∇B − f˜ · ∇ΛkB)) · ΛkBdx
∣∣)
≤C
(
||∇U ||L∞ ||∇B||H2 + ||∇B||L 6α ||U ||W 3, 62−α
)
||B||H3
+ C
(
||∇B||H2 ||∇f˜ ||L∞ + ||∇B||L6 ||f˜ ||W 3,3
)
||B||H3 .
By Sobolev’s inequality, we deduce that
|I1 + I2| ≤ C
(
||Λα2U ||H3 ||∇B||H3 ||B||H3 + ||B||2H3(||f˜ ||W 1,∞ + ||f˜ ||W 3,3)
)
. (3.5)
For I3, it’s easy for us to get
|I3| ≤ C||U ||H3 ||B||H3 ||g˜||W 4,∞ . (3.6)
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For I3, I4, we derive that
|I4 + I5| ≤C (||∇U ||H2 ||∇B||L∞ + ||∇U ||L3 ||B||W 3,6) ||B||H3
+ C(||∇U ||H2 ||∇f˜ ||L∞ + ||∇U ||L6 ||f˜ ||W 3,3)||B||H3
≤ C
(
||Λα2U ||H3 ||∇B||H3 ||B||H3 + ||U ||H3 ||B||H3(||f˜ ||W 1,∞ + ||f˜ ||W 3,3)
)
.
(3.7)
Considering I6, we have
|I6| ≤ C||B||2H3 ||f˜ ||W 4,∞ . (3.8)
Next step, we will estimate J1, J2, J3. For
J1 =
∑
0≤k≤3
σ
∫
R3
Λk(∇×B) · Λk ((∇×B)×B) dx
= σ
∑
0≤k≤3
∫
R3
{
Λk ((∇×B)×B)− Λk(∇×B)×B
}
· Λk(∇×B)dx.
Using Lemma 2.1, we deduce that
|J1| ≤ Cη
∑
0≤k≤3
||Λk(∇×B)||L2 ||Λk ((∇×B)×B)− Λk(∇×B)×B||L2
≤ Cη||∇B||H3 (||∇ ×B||H2 ||∇B||L∞ + ||∇ ×B||L∞ ||B||H3)
≤ Cη||∇B||2H3 ||B||H3 . (3.9)
For J2, we calculate
J2 =
∑
0≤k≤3
σ
∫
R3
Λk(∇×B) · Λk ((∇×B)× g˜) dx
= σ
∑
0≤k≤3
∫
R3
Λk(∇×B) ·
(
Λk ((∇×B)× g˜)− Λk(∇×B)× g˜
)
dx
+ σ
∑
0≤k≤3
∫
R3
(∇× ΛkB) ·
(
(∇× ΛkB)× g˜
)
dx
= σ
∑
0≤k≤3
∫
R3
Λk(∇×B) ·
(
Λk ((∇×B)× g˜)− Λk(∇×B)× g˜
)
dx,
for we use the fact that
∫
R3
(∇× ΛkB) · ((∇× ΛkB)× g˜) dx = 0. Using Lemma 2.1, we then
derive that
|J2| ≤ Cη||∇B||H3 ||∇B||H2 ||g˜||W 3,∞
≤ Cη||∇B||H3 ||B||H3 ||g˜||W 3,∞
≤ µ
16
||∇B||2H3 + C||B||2H3 ||g˜||2W 3,∞ .
(3.10)
For J3, we could estimate it directly that
|J3| ≤ C||g˜||W 4,∞ ||B||H3 ||∇B||H3
≤ µ
16
||∇B||2H3 + C||B||2H3 ||g˜||2W 4,∞ .
(3.11)
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For some quadratic ∇Λ3B(highest derivatives) in K1,K2, we could not get good estimate of
K1,K2 when g˜ is large. We also should not neglect K0,K3 containing some positive items.
Therefore, we then find that it’s a effective way to estimate K1,K2,K0 and K3 together.
K0 +K1 +K2 +K3
=− κ
∑
0≤k≤3
∫
R3
|(∇× ΛkB)×B|2 + 2((∇× ΛkB)×B) · (g˜ × (∇× ΛkB))
+ F0 + F1 + F2 + F3 − (∇× ΛkB)× g˜|2dx
≤− κ
∑
0≤k≤3
∫
R3
(|(∇× ΛαB)×B| − |(∇× ΛαB)× g˜|)2 + F0 + F1 + F2 + F3,
(3.12)
where
F0 = κ
∑
0≤k≤3
∑
|β|≤2,β+γ+θ=k
∫
R3
(((∇× ΛβB)× ΛγB)× ΛθB) · (∇× ΛkB)dx, (3.13)
F1 = κ
∑
0≤k≤3
∑
|β|≤2,β+γ+θ=k
∫
R3
(((∇× ΛβB)× ΛγB)× Λθg˜) · (∇× ΛkB)dx, (3.14)
F2 = κ
∑
0≤k≤3
∑
|β|≤2,β+γ+θ=k
∫
R3
(((∇× ΛβB)× Λγ g˜)× ΛθB) · (∇× ΛkB)dx, (3.15)
F3 = κ
∑
0≤k≤3
∑
|β|≤2,β+γ+θ=k
∫
R3
(((∇ × ΛβB)× Λγ g˜)× Λθg˜) · (∇× ΛkB)dx. (3.16)
For F0, we have
F0 ≤ C
(||∇B||H2 ||∇B||L∞ ||B||L∞ + ||∇B||L∞ ||∇B||H2 ||B||L∞ + ||∇B||3L6) ||∇B||H3
≤ C||∇B||2H3 ||B||2H3 .
(3.17)
For F1, we derive that
F1 ≤ C||g˜||W 4,∞ ||B||2H3 ||∇B||H3
≤ µ
16
||∇B||2H3 + C||g˜||2W 4,∞ ||B||4H3 .
(3.18)
For F2, we could get
F2 ≤ C||∇B||H2 (||∇B||L∞ ||g˜||L∞ + ||B||L∞ ||g˜||W 1,∞) ||∇B||H3
+ C||∇B||W 1,6 (||∇B||W 1,6 ||g˜||W 1,6 + ||B||W 1,6 ||g˜||W 2,6) ||∇B||H3
≤ µ
16
||∇B||2H3 + C
(||g˜||2W 2,∞ + ||g˜||2W 2,6) ||B||4H3 .
(3.19)
For F3, it’s easy for us th get
F3 ≤ C||∇B||H2 ||g˜||2L∞ ||∇B||H3 + ||∇B||W 1,6 ||g˜||2W 2,6 ||∇B||H3
+ C||∇B||L2 ||g˜||2W 3,∞ ||∇B||H3
≤ µ
16
||∇B||2H3 + C
(||g˜||4W 3,∞ + ||g˜||4W 2,6) ||B||2H3 .
(3.20)
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To estimate K4,K5,K6, we have
K4 ≤ C||g˜||W 4,∞ ||B||H3 ||g˜||W 3,∞ ||∇B||H3
≤ µ
16
||∇B||2H3 +C||g˜||4W 4,∞ ||B||2H3 ,
(3.21)
K5 ≤ C||g˜||W 4,∞ ||B||2H3 ||∇B||H3
≤ µ
16
||∇B||2H3 + C||g˜||2W 4,∞ ||B||4H3 ,
(3.22)
K6 ≤ C||(∇× g˜)× g˜||W 3,∞ ||B||H3 ||∇B||H3
≤ µ
16
||∇B||2H3 + C||g˜||4W 4,∞ ||B||2H3 .
(3.23)
At last, we consider the term
∫
R3
ΛkGΛkBdx. Recalling the expression of G, we have
∑
0≤k≤3
∣∣∣∣∫
R3
ΛkGΛkBdx
∣∣∣∣ = ∑
0≤k≤3
∣∣ ∫
R3
Λk(∇× (f˜ × g˜) + 2ν∇ · (∇χM0g)− ν∆χM0g
+
1
2
f · ∇χ2M0g −
1
2
g · ∇χ2M0f) · ΛkBdx
∣∣
+
∑
0≤k≤3
|
∫
R3
Λk (σ(∇× g˜)× g˜)− κ((∇ × g˜)× g˜)× g˜)) · Λk(∇×B)dx|
≤ C||f˜ × g˜||H3 ||∇B||H3 + ||∇χM0g||H3 ||∇B||H3 +C||∆χM0g||W 3, 65 ||B||W 3,6
+ C
(
||f · ∇χ2M0g||W 3, 65 + ||g · ∇χ
2
M0
f ||
W
3,65
)
||B||W 3,6
+ C (||(∇× g˜)× g˜||H3 + C||((∇× g˜)× g˜)× g˜||H3) ||∇B||H3
≤ C
(
||f˜ × g˜||H3 +M−10 ||g||H3(|x|≤2M0)
)
||∇B||H3
+ CM−20 ||g||W 3, 65 (|x|≤2M0)||∇B||H3
+ CM−10 ||f ⊗ g||W 3, 65 (|x|≤2M0)||∇B||H3
≤ C
(
||f˜ × g˜||H3 +M−
1
2
0 M2|α2|e−
µt
4
)
||∇B||H3
+ C|α1α2|M−
1
2
0 M
2
2 e
−
(µ+ν)t
4 ||∇B||H3 (3.24)
+ C (||(∇× g˜)× g˜||H3 + C||((∇× g˜)× g˜)× g˜||H3) ||∇B||H3 .
Step 2: Energy inequalities of U .
Operating Equation 3.1 with Λk, 0 ≤ k ≤ 3, and taking L2 on Equation 3.1 yields
1
2
d
dt
||U ||2H3 + µ||∇U ||2H3
=H1 +H2 +H3 +H4 +H5 +H6
+
∑
0≤k≤3
∫
R3
ΛkFΛkUdx−
∑
0≤k≤3
∫
R3
Λk∇
(
p+
1
2
|f˜ |2 − 1
2
|g˜|2
)
ΛkUdx,
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where
H1 = −
∑
0≤k≤3
∫
R3
Λk(U · ∇U) · ΛkUdx, H2 = −
∑
0≤k≤3
∫
R3
Λk(f˜ · ∇U) · ΛkUdx,
H3 = −
∑
0≤k≤3
∫
R3
Λk(U · ∇f˜) · ΛkUdx, H4 =
∑
0≤k≤3
∫
R3
Λk(B · ∇B) · ΛkUdx,
H5 =
∑
0≤k≤3
∫
R3
Λk(g˜ · ∇B) · ΛkUdx, H6 =
∑
0≤k≤3
∫
R3
Λk(B · ∇g˜) · ΛkUdx,
Firstly, we have
|H1 +H2|
≤
∣∣∣∣∣∣
∑
0≤k≤3
(∫
R3
(Λk(U · ∇U)− (U · ∇ΛkU) · ΛkUdx+
∫
R3
(Λk(f˜ · ∇U − f˜ · ∇ΛkU)) · ΛkUdx
)∣∣∣∣∣∣
+
∣∣∣∣∣∣
∑
0≤k≤3
∫
R3
(
(U · ∇ΛkU) · ΛkU + (f˜ · ∇ΛkU) · ΛkU
)
dx
∣∣∣∣∣∣
≤
∑
0≤k≤3
∣∣∣∣(∫
R3
(Λk(U · ∇U)− (U · ∇ΛkU) · ΛkUdx+
∫
R3
(Λk(f˜ · ∇U − f˜ · ∇ΛkU)) · ΛkUdx
)∣∣∣∣
+
∣∣ ∑
0≤k≤3
∫
R3
(u · ∇ΛkU) · ΛkUdx
∣∣
≤∣∣ ∑
0≤k≤3
(∫
R3
(Λk(U · ∇U)− (U · ∇ΛkU) · ΛkUdx∣∣+ ∣∣ ∫
R3
(Λk(f˜ · ∇U − f˜ · ∇ΛkU)) · ΛkUdx∣∣)
≤C
(
||∇U ||L∞ ||∇U ||H2 + ||∇U ||L 6α ||U ||W 3, 62−α
)
||U ||H3
+ C
(
||∇U ||H2 ||∇f˜ ||L∞ + ||∇U ||L6 ||f˜ ||W 3,3
)
||U ||H3 ,
By Sobolev inequality, we deduce that
|H1 +H2| ≤ C
(
||Λα2U ||2H3 ||U ||H3 + ||U ||2H3(||f˜ ||W 1,∞ + ||f˜ ||W 3,3)
)
. (3.25)
For H3, it’s easy for us to get
|H3| ≤ C||U ||H3 ||B||H3 ||f˜ ||W 4,∞ . (3.26)
Using the similar way to estimate H1 +H2, we have
|H4 +H5| ≤C (||∇B||H2 ||∇B||L∞ + ||∇B||L3 ||B||W 3,6) ||U ||H3
+C(||∇B||H2 ||∇g˜||L∞ + ||∇B||L6 ||g˜||W 3,3)||U ||H3
≤ C (||∇B||2H3 ||B||H3 + ||U ||H3 ||B||H3(||g˜||W 1,∞ + ||g˜||W 3,3))
(3.27)
For H6, we have
|H6| ≤ C||U ||H3 ||B||H3 ||g˜||W 4,∞ . (3.28)
13
As for
∫
R3
ΛkFΛkUdx, it suffices for us to have
∑
0≤k≤3
∣∣∣∣∫
R3
ΛkFΛkUdx
∣∣∣∣ = ∑
0≤k≤3
∣∣ ∫
R3
Λk(f˜ × (∇× f˜)− g˜ × (∇× g˜)− ν∆χM0f
+ 2ν∇ · (∇χM0f)) · ΛkUdx
∣∣
≤ C
(
||f˜ × (∇× f˜)||H3 + ||g˜ × (∇× g˜)||H3
)
||U ||H3
+ C
(
||∇χM0f ||
W
4, 64+α
+ ||∆χM0f ||
W
3, 64+α
)
||U ||
W
3, 62−α
≤ C
(
||f˜ × (∇× f˜)||H3 + ||g˜ × (∇× g˜)||H3
)
||U ||H3
+ CM
− 1
2
0 M2|α1|e−
νt
2α ||Λα2U ||H3 .
(3.29)
We could estimate the pressure term in the same way with in [33]. Since
p = (−∆)−1div (u · ∇u− b · ∇b)
=
∑
i,j
(−∆)−1∂i∂j (uiUj − biBj) + (−∆)−1∇ ·
(
U · ∇f˜ −B · ∇g˜
)
+ (−∆)−1∇ ·
(
f˜ × (∇× f˜)− g˜ × (∇× g˜)
)
− 1
2
|f˜ |2 + 1
2
|g˜|2,
then we have
Π :=
∣∣∣∣∣∣−
∑
|k|≤3
∫
R3
Λk∇
(
p+
1
2
|f˜ |2 − 1
2
|g˜|2
)
ΛkUdx
∣∣∣∣∣∣
≤
(
||u⊗ U ||
W
3, 32
+ ||h ⊗B||
W
3, 32
)
||f · ∇χM0 ||W 3,3
+ ||U · ∇f˜ −B · ∇g˜||H3 ||U ||H3
+ ||f˜ × (∇× f˜)− g˜ × (∇× g˜) ||H3 ||U ||H3 .
By Ho¨lder’s inequality, we furthermore derive that
Π ≤ C[ (||U ||2H3 + ||f˜ ||W 3,6 ||U ||H3) ||∇χM0 ||W 3,∞ ||f ||W 3,3(M0≤|x|≤2M0)
+ ||H||2H3 · ||∇χM0 ||W 3,∞ ||f ||W 3,3(M0≤|x|≤2M0)
+ ||g˜||W 3,2 ||H||W 3,6 ||∇χM0 ||W 3,∞ ||f ||W 3,3(M0≤|x|≤2M0)
+
(
||∇f˜ ||W 3,∞ ||U ||H3 + ||∇g˜||W 3,∞ ||B||H3
)
+
(
||f˜ × (∇× f˜)||H3 + ||g˜ × (∇× g˜) ||H3
)
||U ||H3
+ ||∇B||H3 || (∇× g˜)× g˜||H3 + ||B||2H3 ||g˜||W 5,∞
]
,
≤ C[(||U ||2H3 + |α1|M2e−µt4 ||U ||H3 + ||B||2H3)α1M2M−10 e−µt4
+ |α2|M2M
1
2
0 e
− νt
2α ||∇B||H3 · α1M2M−10 e−
µt
4
+
(
|α1|M1e−
µt
4 ||U ||H3 + |α2|M1e−
νt
2α ||B||H3
)
||U ||H3
+
(
α21e
− νt
2α−1 + α22e
−µt
2
)
·
(
δM
3
2
0 M
2
1 +M
−1
0 M
2
2
)
||U ||H3
]
.
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In a result, we get
Π ≤ C
(
|α1|(M1 +M2)e−
µt
4 ||U ||2H3 + |α1|M2e−
µt
4 ||B||2H3
)
+ C|α2|M1e−
νt
2α ||U ||H3 ||B||H3
+ C
(
α21e
− νt
2α + α22e
−µt
2
)
·
(
δM
3
2
0 M
2
1 +M
−1
0 M
2
2
)
||U ||H3
+ C|α1α2|M−
1
2
0 M
2
2 e
−
(22−αν+µ)t
4 ||∇B||H3 .
(3.30)
Step 3: Energy estimates of U,B.
Gathering above estimates in Step 1 and Step 2, we obtain
1
2
d
dt
(||U ||2H3 + ||B||2H3)+ ν2 ||∇U ||2H3 + µ2 ||∇B||2H3 + P (t) ≤ C
8∑
i=1
Ji,
where
P (t) = κ
∑
|k|≤3
∫
R3
(|(∇× ΛαB)×B| − |(∇× ΛαB)× g˜|)2 dx,
J1 = (||U ||H3 + ||B||H3)
(||∇U ||2H3 + ||∇B||2H3) ,
J2 =
(
||f˜ ||W4,∞ + ||g˜||W4,∞
) (||U ||2H3 + ||B||2H3) ,
J3 =
(
||f˜ × g˜||H3 +M−
1
2
0 M2|α2|e−
µt
4 + |α1α2|M−
1
2
0 M
2
2 e
−
(22−αν+µ)t
4
)
||∇B||H3 ,
J4 = (|σ|||(∇ × g˜)× g˜||H3 + κ||((∇ × g˜)× g˜)× g˜||H3) ||∇B||H3
J5 = |α1|(M1 +M2)e−
µt
4 ||U ||2H3 + ||g˜||W 5,∞ ||B||2H3 ,
J6 = |α1|M2e−
µt
4 ||B||2H3 + |α2|M1e−
νt
2α ||U ||H3 ||B||H3 ,
J7 =
(
α21e
− νt
2α−1 + α22e
−µt
2
)(
δM
3
2
0 M
2
1 +M
−1
0 M
2
2
)
||U ||H3 ,
J8 = |α1α2|M−
1
2
0 M
2
2 e
− (2
2−αν+µ)t
4 ||∇B||H3 ,
J9 =
(
||f˜ × (∇× f˜)||H3 + ||g˜ × (∇× g˜) ||H3
)
||U ||H3 ,
J10 = η||∇B||H3 ||B||H3 ||g˜||W 3,∞ +M−
1
2
0 M2|α1|e−
νt
2α ||Λα2U ||H3 ,
J11 = C||B||4H3
(||g˜||2W 4,∞ + ||g˜||2W 2,6)+ C||B||2H3 (||g˜||4W 4,∞ + ||g˜||4W 2,6) .
Using Lemma 2.3, Young’s inequality and δ−
1
2 ≥M0 ≫ 1, we derive that
d
dt
(||U ||2H3 + ||B||2H3)+ (ν2 − C||U ||H3 − C||B||H3) ||Λα2U ||2H3
+
(µ
2
− C||U ||H3 − C||B||H3
)
||∇B||2H3
≤C
(
e−
νt
2α + e−
µt
4
) (||U ||2H3 + ||B||2H3 + ||B||4H3)+ C (M−10 + δ2M30 ) (e− νt2α + e−µt4 )
(3.31)
for some constant C depending on M1,M2, µ, ν, η, α1, α2.
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For t ∈ [0,∞), we assume that
||U(t)||2H3 + ||B(t)||2H3 ≤
min{µ, ν}
4C
.
In case t = 0, the above estimate holds. Applying differential inequality (3.31), Gronwall’s
inequality and δ ≤M−20 , we have
||U(t)||H3 + ||B(t)||H3 ≤M−
1
2
0 . (3.32)
In a result,
||U(t)||H3 + ||B(t)||H3 ≤M−
1
2
0 (3.33)
for all t ∈ [0,∞). Therefore, we complete the proof of Theorem 1.1.
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